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In this talk

Determinization of nondeterministic Buchi automata
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Biichi automata

Biichi automata are w-automata, i.e.
finite automata that read infinite words
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Biichi automata are w-automata, i.e.
finite automata that read infinite words

o

> A= (X, QA,q,F) < just NFA with different semantics
» Biichi: some g € F seen infinitely often along a run

» Co-Biichi: all g € F seen finitely often along a run
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Biichi automata are w-automata, i.e.
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Biichi automata are w-automata, i.e.
finite automata that read infinite words

As NFA:  L(A) = (a+b)*b
H&_a As NBA: L(A) = (a+b)*b*

(X, Q, A, q, F) < just NFA with different semantics
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Biichi automata are w-automata, i.e.
finite automata that read infinite words

As NFA:  L(A) = (a+b)*b
H&_a As NBA: L(A) = (a+b)*b*

(X, Q, A, q, F) < just NFA with different semantics
> Buchl. some q € F seen infinitely often along a run

» Co-Biichi: all g € F seen finitely often along a run
» Some SCC of A can be: -
acc. rej. ’
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Biichi automata are w-automata, i.e.
finite automata that read infinite words

As NFA:  L(A) = (a+b)*b
H&_a As NBA: L(A) = (a+b)*b*

(X, Q, A, q, F) < just NFA with different semantics
> Buchl. some q € F seen infinitely often along a run

» Co-Biichi: all g € F seen finitely often along a run
» Some SCC of A can be: -
acc. rej. det.

. det. SCC.~



Biichi automata 4(9)

Biichi automata are w-automata, i.e.
finite automata that read infinite words

As NFA:  L(A) = (a+b)*b
H&_a As NBA: L(A) = (a+b)*b*

(X,Q, A, qo, F) < just NFA with different semantics
Buch|: some q € F seen infinitely often along a run
Co-Biichi: all g € F seen finitely often along a run
Some SCC of A can be: , N
acc. rej. det. .. L . CF |

» An automaton is wealk, K % TaoocT S
if all SCCs are acc. or rej.
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In this talk

NBA Determinization
Safra Construction
Muller-Schupp Construction
Comparison of Safra and Muller-Schupp
A Sketch of the Unified Construction
Optimizations and Heuristics



Why care about Biichi determinization?

» Classical synthesis:

trans.

LTL ™% NBA — parity game 25 FSM
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unrestricted

» NBA unsuitable: nondeterminism — 7<— probabilities
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Why care about Biichi determinization? 6(5)

» Classical synthesis:

trans.

LTL ™% NBA — parity game 25 FSM

» probabilistic model checking: e.g. S is Markov chain.
A possible question: Is P(S | ) = 1?

unrestricted

» NBA unsuitable: nondeterminism — 7<— probabilities

» classical solution:
determinize the NBA to BBA. impossible in general!
a suitable deterministic

is a

(Muller Streett) Rabin ¢ Parity

automaton.



Deterministic parity automata

Example DPA: "finitely often b unless infinitely often c¢"

Parity acceptance:
weL(A) < min. priority seen inf. often along run is even



A brief history of NBA determinization

» powerset construction is not enough for NBA!

McNaughton 1966: 22
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» powerset construction is not enough for NBA!

McNaughton 1966: 22
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Safra 1988: 12"n?" € 20(nlogn)  Muller-Schupp 1995: 207l )

Piterman 2007: 2n"n! Kahler-Wilke 2008
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Schewe 2009: (n!)? Fogarty-Kupferman-

Vardi-Wilke 2013



A brief history of NBA determinization 8(4)

» powerset construction is not enough for NBA!

McNaughton 1966: 22

N

Safra 1988: 12"n?" € 20(nlogn)  Muller-Schupp 1995: 207l )

Piterman 2007: 2n"n! Kahler-Wilke 2008
| \
Schewe 2009: (n!)? Fogarty-Kupferman-
" Vardi-Wilke 2013
~\ |
ICALP 2019
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Safra-Piterman construction (quick sketch)

Idea:
» Organize reachable states in a tree (= new states)
» Tree nodes have an “age rank” (introduction order)

» Derive acceptance from green and red node events
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Safra-Piterman construction (quick sketch)

Idea:
» Organize reachable states in a tree (= new states)
» Tree nodes have an “age rank” (introduction order)

» Derive acceptance from green and red node events

NBA A: w=a"
1 M 1 iqZ}: 1
IRTRE AL A P ORI (L G L
far ot fgf {ep b (o)’
{g¢:} {q:}

Accept, iff 3 node rank that is infinitely often green
and finitely often red

9(3)



A variant of the Muller-Schupp construction

» each NBA run can be traced

» each acc. run is "left-path”

w = (ab)*



A variant of the Muller-Schupp construction

A: w = (ab)¥
Split-tree: Reduced Split-tree:
_{qo}_ _{qo}_
ef LEF e g
el e W le)
@L ef{ql?};lf eiqs.}gF e{FqO},ef eF».{'q(’]}EF {q3}
{o} (@} 0 0 {a) fa) {o} {a)

» each NBA run can be traced

» each acc. run is "left-path”

10 (2)



A variant of the Muller-Schupp construction 103)

w = (ab)*

Reduced Split-tree:
G(F,v'{qo}'-.Q)F

({a),  _{e})
O RCTR T (o}, ta)
{g} {2} 0 0 {¢} {q} ( {q} {a} )

» each NBA run can be traced » fin. many different levels

» one can show [KW03]:
NBA accepts iff the reduced
split-tree has left-path

» each acc. run is "left-path”



A variant of the Muller-Schupp construction

Reduced Split-tree:
( _{%}_ )
EF.- EF

({a), o)
(e;{q‘?l;f {g:} )

( {a} {a) )

> fin. many different levels

» one can show [KW08]:
NBA accepts iff the reduced
split-tree has left-path

w = (ab)*

Muller-Schupp:

SadT),
( {q]}';r s{rq2}1 )

Cfaod 2 el ™)
({q1}2 {g}" ) !

» add ranked identity tokens

Tokens move across tree levels

Accept iff a token has fin. many
red and inf. green events

10 (4)



Comparison of Safra and Muller-Schupp

a,b,c a,c

w = abcac®

ranked Safra trees on w:
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Comparison of Safra and Muller-Schupp 1@

a,b,c

ranked Safra trees on w:
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Muller-Schupp tuples on w:
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Comparison of Safra and Muller-Schupp @)

Key observation:

ranked Safra trees <=} ranked Muller-Schupp tuples

ranked Safra trees on w: Muller-Schupp tuples on w:
{q}' {qo}"
la la — la
{q}! {a0}! {@:}* {q}"
1 v
{g)? {qj}2 {g}* = Ib
lb (g} {@}? {a}? {q}"

{a}! Le =N le

{e}* {a) {@}*{e}* {a}®  {q}"

i qu}: la

¢ {)? {@P e N

{q}! ql ! {g:}3 {q:}? {@}* {q}"

R (o N
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qs3 c



Comparison of Safra and Muller-Schupp

Key observation:

ranked Safra trees <=} ranked Muller-Schupp tuples

Only difference between the constructions:
handling of nodes with green events

Safr?/ \Muller—Schupp

CUst ) a” I

11(4)



Our unified algorithm

» Formulated on ranked tuples (like Muller-Schupp)

» Transition defined using four simple operations:
step, prune, merge, normalize
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as you like, while satisfying [technical condition]”



Our unified algorithm 120)

» Formulated on ranked tuples (like Muller-Schupp)

» Transition defined using four simple operations:
step, prune, merge, normalize

» merge is optional and also non-deterministic:
“when a rank is red or green, merge sets
as you like, while satisfying [technical condition]”

» Different instantiations of this merge rule yield:
» Muller-Schupp-style construction (= no merge)
» Safra-style construction
» A new “maximal merge” rule
» ... and other possibilities



A sketch of the unified construction
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A sketch of the unified construction

(o, 1) =( S $2) 53)
step Ad(S1.%) A(S2%) Ad(S3,%)
nF. “NF NF: “NF nF. “NF

= N v g w N
~ ~

(&’ t) — ( §1n+1 3-2a(1) S3n+1 3»4(1(2) S‘»;H»l gvsa(B)

S )
Ad(Sax)
NF: AF
§2n7n1+1 323(,7) )

13(2)
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(o) =( s 52(2) 500) o S0l )
step B:(514) Ai(5:) Ad(S3.%) A (En, )
nF: -NF nF: nF nF- nF o

=( 3 X X Q AG 52n]1 5 '7))
e N NP2 N

& v &
a1 = 5,80 5,80 3 a(n) )



A sketch of the unified construction

(o, 1) =( S S22
step (51.%) A(S2%)
NF NF NF NF

Sna(n)

At(S,,,x)
NF:

SZn 1&

< a(n)

)

3,2
-

(determine active (green +red) ranks and smallest active rank k)

)

)

)
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A sketch of the unified construction

(o, 1) =( S $2) 53)
step Ad(S1.%) A(S2%) Ad(S3,%)
NF NF NF NF NF NF

(4,1 =( §" §p gt gal@ gt ge

13(5)

S )
A(Snx)
NF: “.NF
S Vn 1 43 a(n) )
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(determine active (green +red) ranks and smallest active rank k)
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37>k §8<k )



A sketch of the unified construction 13 (6)

(a, 1) = ( s $2) 5.2(3) Soln) )
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@7 = ( 51Z+1 JAzau) §3Z+1 J"4o¢(2) 55':“ $a3) 52,1:,711 Agzg(n) )
prune ﬂv \,/mim/ ;é@v min/ ﬂv \}nin/
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normalize



The flexibility of the merge operation
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(0,1) = {q}g%}iq}‘*
@F {a) {e)

depending on performed merge we get different successors:

Muller-Schupp: Safra: Maximal merge:
o' ()
S g Aok, ()
{23} {q‘wl}s {q1, g2, ¢} {q§}3 SN
{a} {gs} {gs}* {g1, 02 ¢} {q, g5}

{q}°



The flexibility of the merge operation 14)

(0,1) = {q}g%}iq}‘*
@F {a) {e)

depending on performed merge we get different successors:

Muller-Schupp: Safra: Maximal merge:
{qo}’ (g}’
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In this talk

Introduction

NBA Determinization

Optimizations and Heuristics

Characterization of PBA subclasses

Summary



Pre- and Postprocessing Optimizations (ATVA 2019)

Optimization using preprocessing:
Use known language inclusions between NBA states

(e.g. from simulation techniques) to simplify DPA states.

Example: (assuming L(q) 2 L(p))

(fa. 12 s Ap, 1) % (a, 12 {51, {1}



Pre- and Postprocessing Optimizations (ATVA 2019) 162)

Optimization using preprocessing:

Use known language inclusions between NBA states

(e.g. from simulation techniques) to simplify DPA states.
Example: (assuming L(q) 2 L(p))

(fa. 12 s Ap, 1) % (a, 12 {51, {1}

Postprocessing optimization:
first minimize priorities (= hope for more equiv. traces)
then “minimize” DPA like Moore automaton, Example:

a a a b
b o b , b
— 3 mgos — 3 ml%ore
b b
=] (%) r



Other optimizations (ATVA 2019) 17

Use modularized determinization construction:
» use sep. tuples for each NBA SCC, run them in parallel
» used for heuristics targeting acc./rej./det. SCCs of NBA

DPA state of original version: <51°‘(1), 520‘(2), cee S,?(”))

DPA state of modularized version:

xS {q2}32 | g{Q4}1> {g6}°. {qs}4z | ({q7, s q9}22 I {qu0}
tmckegrSCC 1 trackegrSCC 2 tracke;, SCC 3 buffer
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Other optimizations (ATVA 2019) 17.3)

Use modularized determinization construction:
» use sep. tuples for each NBA SCC, run them in parallel
» used for heuristics targeting acc./rej./det. SCCs of NBA

DPA state of original version: <51°‘(1), 520‘(2), cee S,?(”))

DPA state of modularized version:

xS {q2}32 | g{Q4}1> {g6}°. {QS}4Z | ({q7, s q9}22 I {qu0}
tmckegrSCC 1 trackegrSCC 2 tracke;, SCC 3 buffer

Use degrees of freedom of the construction:
» manage existing states of DPA in a trie for quick lookup

» on each transition, try to reuse suitable existing states

Use information in naive “powerset automaton” (PSA):
» determinize each SCC of PSA separately
» per PSA SCC, keep one bottom SCC of partial DPA



In this talk

Characterization of PBA subclasses
Ambiguity of NBA
Probabilistic Biichi Automata
Weak PBA
Ambiguity-restricted PBA
Complexity results



Brief detour: Patterns characterizing NBA ambiguity (DLT 2018)

» Ambiguity on word w: # of different accepting runs on w

» Ambiguity class of A: amb. upper bound on any word



Brief detour: Patterns characterizing NBA ambiguity (DLT 2018) 19.2)

» Ambiguity on word w: # of different accepting runs on w

» Ambiguity class of A: amb. upper bound on any word

Existence of the pattern

IDA EDA IDAF EDAr

for some v € L* implies at least

strict—

polynomial exponential countable uncountable
(= No-amb.) (= 2R0-amb.)

ambiguity of the automaton (none present = finite)



Probabilistic Automata 2

Consider probabilistic instead of nondeterministic choice:

a,b b a:1,b:3
o ® T 1bb

» replace @Q with initial distribution p, : Q — [0, 1]

» replace A with probabilistic distributions (g, x)
ie. > cq0(qx,¢)=1forallge Qx€X



Probabilistic Automata 20(2)

Consider probabilistic instead of nondeterministic choice:

a,b b a:1,b:3
o ® T 1bb

replace Q with initial distribution p, : Q — [0, 1]

v

» replace A with probabilistic distributions (g, x)
ie. > cq0(qx,¢)=1forallge Qx€X

» choose some semantics to define languages:

> almost sure acceptance  L='(A)
> positive acceptance L>0(A)
» threshold acceptance LPAA), N €R



Some properties of PBA [Baier et al., Chadha et al.]

Unlike PFA, which are still regular under > 0 and = 1
semantics, the following holds for PBA:

L(DBA) C L='(PBA)

N N
regular L(NBA) C L~°(PBA) non-regular
= w-Reg N

L>*(PBA)

21



Some properties of PBA [Baier et al., Chadha et al.] 210)

Unlike PFA, which are still regular under > 0 and = 1
semantics, the following holds for PBA:

L(DBA) C L='(PBA)

N N
regular L(NBA) C L~°(PBA) non-regular
= w-Reg N
L>A(PBA)

Furthermore,
» checking L='(A)=0 or L='(A)=X" is PSPACE complete,
» checking L7°(A)=0 or L”°(A)=%" is undecidable.

» Goal: find more “tame” subclasses with good properties



Weak probabilistic Biichi automata

L>*(PBA)

L(DBA) M L(DCA)
L(DWA)

22



Weak probabilistic Biichi automata 20)

L>*(PBA)

L(DBA) N L(DCA)
L(DWA)

We characterized the expressivity of weak PBA:

Theorem (FOSSACS 2020)
> L>(PWA) = L>°(PCA) and L='(PWA) = L='(PBA)



Weak probabilistic Biichi automata 2(3)

L>*(PBA)

PWA/!
L=!(PBA)NLL>°(PCA)
L(DBA) N L(DCA)
L(DWA)

We characterized the expressivity of weak PBA:
Theorem (FOSSACS 2020)
> L>°(PWA) = L>°(PCA) and L='(PWA) = L="(PBA)
> L>°(PWA) NL="(PWA) = L(DWA) = L(PWA"")



Weak probabilistic Biichi automata 22(a)

L>*(PBA)

L>*(PWA)

PWA/!
L=!(PBA)NLL>°(PCA)
L(DBA) N L(DCA)
L(DWA)

We characterized the expressivity of weak PBA:

Theorem (FOSSACS 2020)
> L>°(PWA) = L>°(PCA) and L='(PWA) = L="(PBA)
> L>°(PWA) NL="(PWA) = L(DWA) = L(PWA"")
> L>°(PWA) C L>*(PWA) C L>*(PBA)



Making PBA behave well: Syntactically Restricted PBA 23
Two PBA restrictions identified in [Chadha et al. ’09/°11]:

» Hierarchical PBA have the following property:
» There exists a function Ivl: Q - Ns.t. Vge Q,ae X

» no transition leads to a state ¢ with lower level
» there is at most one trans. to some ¢’ with the same level
a:l b:2 !
start— % 2 / q> @Da,b
b 1

HPBA: b
et @@
2

Ivl: 0




Making PBA behave well: Syntactically Restricted PBA
Two PBA restrictions identified in [Chadha et al. ’09/°11]:

» Hierarchical PBA have the following property:
» There exists a function Ivl: Q - Ns.t. Vge Q,ae X

» no transition leads to a state ¢ with lower level
» there is at most one trans. to some ¢’ with the same level

b3

1
a.-
start— % 2 Q2 ODa b

HPBA: / by i
c@/ .

Ivl: 0
> ]L>0(HPBA) = ]L(NBA), L:1(HPBA) = L(DBA)

23(2)



Making PBA behave well: Syntactically Restricted PBA 50
Two PBA restrictions identified in [Chadha et al. ’09/°11]:

» Hierarchical PBA have the following property:
» There exists a function Ivl: Q - Ns.t. Vge Q,ae X

» no transition leads to a state ¢ with lower level
» there is at most one trans. to some ¢’ with the same level

start— @ ab:3
SPBA: a3 / b3
O:Dab

le. 0
> ]L>0(HPBA) = ]L(NBA), L= (HPBA) = L(DBA)

» Simple PBA = 2-level HPBA with all acc. states on level 0
» L>°(SPBA) = L='(SPBA) = L>*(SPBA) = L(DBA)



SPBA, HPBA and Ambiguity

By simple observations wrt. ambiguity patterns we have:

—EDAF
countably amb.

—EDA
“fIat”

24

It seems natural to also check the expressivity of
PBA without certain ambiguity patterns!



Ambiguity-restricted PBA and w-regularity 2

full classification of the syntactic amb. classes wrt. regularity
under > 0/= 1/> X semantics, generalizing SPBA/HPBA:

—EDAF
is w-reg.

L>0

Theorem (FOSSACS 2020)
» L~>°(fin. amb. PBA) = L~°(Ny-amb. PBA) = IL(NBA)
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full classification of the syntactic amb. classes wrt. regularity
under > 0/= 1/> X semantics, generalizing SPBA/HPBA:

—EDAF
L>? is w-reg.

——
—EDA V —IDAf
L= is w-reg.

SPBA

Theorem (FOSSACS 2020)
» L~>°(fin. amb. PBA) = L~°(Ny-amb. PBA) = IL(NBA)

» L='(< exp. amb. PBA) = L='(flat PBA) = L(DBA)
C L="(Ny-amb. PBA)
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full classification of the syntactic amb. classes wrt. regularity
under > 0/= 1/> X semantics, generalizing SPBA/HPBA:

—EDAF
L>? is w-reg.

——
—EDA V —IDAf
L= is w-reg.

Theorem (FOSSACS 2020)
» L~>°(fin. amb. PBA) = L~°(Ny-amb. PBA) = IL(NBA)
» L='(< exp. amb. PBA) = L='(flat PBA) = L(DBA)
C L='(Ry-amb. PBA)
» L>*(fin. amb. PBA) = IL(NBA) C LL>*(poly. amb. PBA)



Summary of results on ambiguity-restricted PBA (FOSSACS 2020)

PBA Type
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w-regular? Emptiness Universality
>0 =1 >A| >0 =1 >0 =1
fin. amb.
pol. amb. € NL € PSPACE € PSPACE € NL
exp. amb.
flat € NLc. €PSPACEc. | € PSPACEc. € NLc
Ny amb. ‘

€ PSPACE



Summary of results on ambiguity-restricted PBA (FOSSACS 2020)

PBA Type

26 (2)

w-regular? Emptiness Universality
>0 =1 >A| >0 =1 >0 =1
fin. amb.
pol. amb. € NL € PSPACE € PSPACE € NL
exp. amb.
flat € NLc. €PSPACEc. | € PSPACEc. € NLc
N, amb. \ € PSPACE

» In contrast to the classical setting,
restricting ambiguity influences the expressivity



Summary of results on ambiguity-restricted PBA (FOSSACS 2020)

26 (3)

PBA Type w-regular? Emptiness Universality
>0 =1 >A| >0 =1 >0 =1
fin. amb.
pol. amb. € NL € PSPACE € PSPACE € NL
exp. amb.
flat € NLc. €PSPACEc. | € PSPACEc. € NLc
N, amb. \ € PSPACE

» In contrast to the classical setting,
restricting ambiguity influences the expressivity
» The identified ambiguity-restricted PBA classes

» subsume Hierarchical and Simple PBA

» have similar complexity results




Summary

In joint work with Christof Loding, we obtained the following
main results, presented in the PhD thesis:

» a new unified determinization construction for NBA
(ICALP 2019)

» multiple new optimizations that are based on it
(ATVA 2019)

» a full characterization of ambiguity in Buchi automata
(DLT 2018)

» new regular subclasses of probabilistic Biichi automata
(FOSSACS 2020)
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